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Introduction
o

The problem and its variants

Question (Existence of Steinhaus sets)

For a given A C R? does there exist H C R? such that for each rigid motion
p € Iso(R?)
lp(A) N H| =17

E.g. if one chooses A=7 x {0}, or Z X Z?
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For a given A C R? does there exist H C R? such that for each rigid motion
p € Iso(R?)
lp(A) N H| =17

E.g. if one chooses A=7 x {0}, or Z X Z?

And for A= Z x {0} could we require H to have A\'-measurable traces on the
lines?
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Does there exist H C R? such that for every line | C R?

MUNH) =17
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Introduction
o

The problem and its variants

Question (Existence of Steinhaus sets)

For a given A C R? does there exist H C R? such that for each rigid motion
p € Iso(R?)
lp(A) N H| =17

E.g. if one chooses A =7 x {0}, or Z x Z.?

And for A= Z x {0} could we require H to have A\'-measurable traces on the
lines?

Question (A. Kumar)

Does there exist H C R? such that for every line | C R?

MUNH) =17

Question (Borel 2-point set)

Does there exists H C R? Borel such that for each line | C R?

INH =27
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Known results
[ Jele]e]

(CH) There exists a set H C R? such that for each line | C R®
(N H is \'-measurable, and)

M(INH) =1

Proof. Let {lo : o < w1} be the enumeration of the lines in the plane.
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Known results
[ Jele]e]

(CH) There exists a set H C R? such that for each line | C R®
(N H is \'-measurable, and)

M(INH) =1

Proof. Let {lo : o < w1} be the enumeration of the lines in the plane.
For each o < wy choose Ha C la \ Us_, s with A'(Ha) = 1.

Let H= Ua<w1 He.

For A}(H N I,) note that

Ho CHN o S HaU [ | (o N lp)

B<a

We only needed that each set of size less than continuum is null, i.e.

non(N) = c.
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Known results
o] le]e]

Known results

o (Komjath, '92) There exists H C R? such that for each rigid motion
p € Iso(R")

|p(Z x {0}) N H| =1.
o (Jackson-Mauldin, 2002) There exists H C R2, for which for every
p € Iso(R")
|p(Z x Z)N H| = 1.
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Known results

o (Komjath, '92) There exists H C R? such that for each rigid motion
p € Iso(R")
|p(Z x {0}) N H| =1.
o (Jackson-Mauldin, 2002) There exists H C R2, for which for every
p € Iso(R")
|p(Z x Z)N H| = 1.

Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

M-ae xeR® ae I5x: MNHNN)=1
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Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aexeR® ae I3x: MNHNN)=1

Idea of the proof:
Consider H C R? x {0}, xun : R® — {0,1}.
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Known results
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Known results

Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aexeR® ae I3x: MNHNN)=1

Idea of the proof:
Consider H C R? x {0}, xn : R® — {O 1}

Define h : R® — [0, 0], h(z) = Jr2 xH(w) - dX3(w).

\W Tw—z]
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Known results
[e]e] 6]

Known results

Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aexeR® ae I3x: MNHNN)=1

Idea of the proof:
Consider H C R? x {0}, xn : R® — {0,1}.
Define h: R* — [0,00], h(z) = [ro xn(w) - ‘W oot dX?(w).
Then for A*-a.e. x € R? x {0}
™ oo 1
h(x) = in(0 0 . -|r| drd6 =
(X) /9:0/ . XH(X+I’(SII’1( ),COS( )70)) |X—|— r(sin(@),cos(&),O) — X‘ |r| r

/ / xH(x + r(sin(6), cos(),0)) - — - |r| drdd
0=0 | rl
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Known results

Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aexeR® ae I3x: MNHNN)=1

Idea of the proof:
Consider H C R? x {0}, xn : R® — {0,1}.
Define h: R* — [0,00], h(z) = [ro xn(w) - ‘W oot dX?(w).
Then for A*-a.e. x € R? x {0}
™ oo 1
h(x) = in(0 0 . -|r| drd6 =
(X) /9:0/ . XH(X+I’(SII’1( ),COS( )70)) |X—|— r(sin(@),cos(&),O) — X‘ |r| r

/0 0/ xH(x + r(sin(6), cos(6),0)) - | I - |r| drd = /e:ol do = .
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Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aex€eR® ae I3x: AN(HNI)=

Idea of the proof:
h:R*> = [0,00], h(z) = [po xH(wW) - ‘W -
h(x) = 7 for \%-a.e. x € R x {0}, and

dX*(w).
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Idea of the proof:
h:R*> = [0,00], h(z) = [po xH(wW) - ‘W -
h(x) = 7 for \%-a.e. x € R x {0}, and

dX*(w).

@ h is continuous,
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Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aex€eR® ae I3x: AN(HNI)=

Idea of the proof:
h:R*> = [0,00], h(z) = [po xH(wW) - ‘W -
h(x) = 7 for \%-a.e. x € R x {0}, and

dX*(w).

@ h is continuous,
e 0<h<m,
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Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aex€eR® ae I3x: AN(HNI)=

Idea of the proof:

h:R*> = [0,00], h(z) = [po xH(wW) - ‘W - dX*(w).
h(x) = 7 for )\z-a.e. x € R x {0}, and
@ h is continuous,
s0<h<m
° h|R2x(o,loo) is harmonic, i.e. . .
=T f{Z: e z0|=5) h(z) do(z) = h(z) (where o is the spherical
measure).
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Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aex€eR® ae I3x: AN(HNI)=

Idea of the proof:

h:R*> = [0,00], h(z) = [po xH(wW) - ‘W - dX*(w).
h(x) = 7 for )\z-a.e. x € R x {0}, and
@ h is continuous,
s0<h<m
° h|R2x(o,loo) is harmonic, i.e. . .
=T f{Z: e z0|=5) h(z) do(z) = h(z) (where o is the spherical
measure).

This implies (integrating with Poisson-kernel) that h|R2><{O} = 7 determines

hence h|,, =.

h|R2><[0,oo)' x[0,00)
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Known results

Theorem (Kolountzakis, Papadimitrakis, 2016.)

There is no \>-measurable H C R?, for which

N-aex€eR® ae I3x: AN(HNI)=

Idea of the proof:

h:R*> = [0,00], h(z) = [po xH(wW) - ‘W - dX*(w).
h(x) = 7 for )\z-a.e. x € R x {0}, and
@ h is continuous,
s0<h<m
° h|R2x(o,loo) is harmonic, i.e. . .
=T f{Z: e z0|=5) h(z) do(z) = h(z) (where o is the spherical
measure).

This implies (integrating with Poisson-kernel) that h|R2><{O} = 7 determines

hence h‘m@x[o oy =7 Butlime h((a, b, c)) =0, a contradiction.

h|R2><[0,oo)'

)
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The new result
[ Jele]e]

Consistency of the nonexistence

Theorem (M. Elekes, M. P., Z. Vidnyanszky)

It is consistent with ZFC that there is no set H C R? such that for a dense
D C R?
ifx € D, then fora.e. I3 x: A(INH)=1.
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The new result
o] le]e]

Definition

shr(M) = min{x: VACR,A¢ N IB C A such that B¢ N, |B| < Kk},
cov(N) = min{s: I(Na)a<s YaN, e N AU _,. No =R}

a<kK

(where N denotes the null ideal in R).
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Tools

shr(M) = min{x: VACR,A¢ N IB C A such that B¢ N, |B| < Kk},
cov(N) = min{s: I(Na)a<s YaN, e N AU _,. No =R}

a<kK

(where N denotes the null ideal in R).

Theorem (Folklore)

(shr(N) < cov(N)) Suppose that f : R? — R has \'-measurable sections
(i.e. for each a f, : R — R (f(y) = f(a,y)) is \'-measurable, and for each b
f2(x) = f(x, b) is A'-measurable.)
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Tools

shr(M) = min{x: VACR,A¢ N IB C A such that B¢ N, |B| < Kk},
cov(N) = min{s: I(Na)a<s YaN, e N AU _,. No =R}

a<kK

(where N denotes the null ideal in R).

Theorem (Folklore)

(shr(N) < cov(N)) Suppose that f : R? — R has \'-measurable sections

(i.e. for each a f, : R — R (f(y) = f(a,y)) is \'-measurable, and for each b
f2(x) = f(x, b) is A'-measurable.)

Then there exists f' : R — R Borel such that for almost every a € R f, and f!
are almost equal, and for a.e. b, f®> and (') are almost equal.
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The new result
o] le]e]

Tools

shr(M)= min{s: VACR,A¢ N IBC A such thatB¢N, |B| < K},
cov(N) = min{k: I(Na)a<k YaN, e N A, _,. No =R}

a<kK

(where N denotes the null ideal in R).

Theorem (Folklore)

(shr(N) < cov(N)) Suppose that f : R? — R has \'-measurable sections

(i.e. for each a f, : R — R (f(y) = f(a,y)) is \'-measurable, and for each b
f2(x) = f(x, b) is A'-measurable.)

Then there exists f' : R — R Borel such that for almost every a € R f, and f!
are almost equal, and for a.e. b, f®> and (') are almost equal.

In particular, if f >0 theny — [~ f(x,y) dx, x — f f(x,y) dy are

X=—00

A-measurable, and

/ / f(x,y) dxdy = / / f(x,y) dydx.
y=—o00 Jx=—00 x=—o00 Jy=—00
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The new result
[e]e] o]

The idea

Theorem (M. Elekes, M. P., Z. Vidnyanszky)
It is consistent with ZFC that there is no set H C R? such that for a dense
D C R?

ifx € D, then fora.e. I5x: MN(INH)=1
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The idea

Theorem (M. Elekes, M. P., Z. Vidnyanszky)

It is consistent with ZFC that there is no set H C R? such that for a dense
D C R?

ifx € D, then fora.e. I5x: MN(INH)=1

Assume that shr(N') < cov(N). Suppose that such H exists. (For simplicity
assume that H has measurable vertical and horizontal sections.)
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The new result
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The idea

Theorem (M. Elekes, M. P., Z. Vidnyanszky)

It is consistent with ZFC that there is no set H C R? such that for a dense
D C R?
ifx € D, then fora.e. I3 x: MN(INH)=1.

Assume that shr(N') < cov(N). Suppose that such H exists. (For simplicity
assume that H has measurable vertical and horizontal sections.)
Define h: R* — [0, oc] similarly

h(w) = ‘/ ﬁn/ﬂ,w (%, 7)) - R;SZ%T:]EdMWA

h will have similar properties than the previous one, but we cannot use polar
transformation (for h|, = ).
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The new result
[e]e] o]

The idea

Theorem (M. Elekes, M. P., Z. Vidnyanszky)

It is consistent with ZFC that there is no set H C R? such that for a dense
D C R?
ifx € D, then fora.e. I3 x: MN(INH)=1.

Assume that shr(N') < cov(N). Suppose that such H exists. (For simplicity
assume that H has measurable vertical and horizontal sections.)
Define h: R* — [0, oc] similarly

h(w) = ‘/ ﬁn/ﬂ,w (%, 7)) - R;SZ%T:]EdMWA

h will have similar properties than the previous one, but we cannot use polar
transformation (for h|, = ).

Instead, for a fixed w € D denoting x#((x,y)) - W by fw(x,y), and
fixing an automorphism of the projective plane g which maps horizontal lines to
horizontal lines, and vertical lines to lines through w, and

0 :[0,71] xR =R (0, r) =w+ r(sin(d), cos(h)).
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The new result
[e]ele] ]

The key lemmas

mo) = [ [T ) g

For a fixed w € D denoting xn((x, y)) - m by fw(x,y), and fixing an
automorphism of the projective plane g which maps horizontal lines to

horizontal lines, and vertical lines to lines through w, and
@ :[0,71] xR =R (0, r) = w+ r(sin(d), cos(h)).
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The new result
[e]ele] ]

The key lemmas

mo) = [ [T ) g

For a fixed w € D denoting xn((x, y)) - m by fw(x,y), and fixing an
automorphism of the projective plane g which maps horizontal lines to

horizontal lines, and vertical lines to lines through w, and
@ :[0,71] xR =R (0, r) = w+ r(sin(d), cos(h)).

fyoj—oo xozo_oo fW(X’y)dXd-y = fO:O—oo xozo_oo fw(g(X7y)) : |detg/(X7y)|dXdy
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The new result
[e]ele] ]

The key lemmas

h(w) = /i" /io xH((x,¥)) dedy.

y=—00 J x=—00
For a fixed w € D denoting xn((x,y)) - \(XT by fw(x,y), and fixing an
automorphism of the projective plane g which maps horizontal lines to
horizontal lines, and vertical lines to lines through w, and

@ :[0,71] xR =R (0, r) = w+ r(sin(d), cos(h)).

oo h oo O y)dxdy = [Z [Z fu(g(x,y)) - [detg’(x, y)|dxdy
(where det g’ (x, y) = Oxgi(x, y) - Oyga(x,y) = 0xg1(x, y) - Oy&2(0,)).

Mark Poér Planar sets meeting each line in a set of measure 1
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[e]ele] ]

The key lemmas

h(w) = /i" /io xH((x,¥)) dedy.

y=—00 J x=—00
For a fixed w € D denoting xn((x,y)) - \(XT by fw(x,y), and fixing an
automorphism of the projective plane g which maps horizontal lines to
horizontal lines, and vertical lines to lines through w, and

@ :[0,71] xR =R (0, r) = w+ r(sin(d), cos(h)).

Lemma
= oot y)dxdy = [Z [T fu(g(x,y)) - [detg’(x, y)|dxdy

y=—o00 Jx=—o00

(where det g'(x,y) = Oxg1(x,y) - yg(x,y) = dxg1(x,y) - 3,82(0,y)).

Lemma
= fu(g(x,y)) - |detg’(x, y)ldydx =

X=—00 y—foo

fe o= oo fw((8,1)) - | det (6, r)|drdf = .
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The key lemmas

h(w) = /i" /io xH((x,¥)) dedy.

y=—00 J x=—00
For a fixed w € D denoting xn((x,y)) - \(XT by fw(x,y), and fixing an
automorphism of the projective plane g which maps horizontal lines to

horizontal lines, and vertical lines to lines through w, and
@ :[0,71] xR =R (0, r) = w+ r(sin(d), cos(h)).

Lemma

= oot y)dxdy = [Z [T fu(g(x,y)) - [detg’(x, y)|dxdy

y=—o00 Jx=—o00

(where det g'(x,y) = Oxg1(x,y) - yg(x,y) = dxg1(x,y) - 3,82(0,y)).

Lemma

~ o fwl(g(x,y)) - [detg’(x, y)|dydx =

X=—00 y—foo

fe o= oo fw((8,1)) - | det (6, r)|drdf = .

fu(g(x,y)) - | det g'(x, y)I,

with introducing fo(x,y) =
| det (6, r)| and the transformation ¢! o g

f(r,0) = fu((0,r)) -
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[ 1]

Thank you for your attention!
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